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Liquid crystals

e Orientational order and positional disorder.
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History

e [Onsager, 1949]: mean field model for hard needles in R3.

e [Heilmann, Lieb, 1979]: interacting dimers.
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http://dx.doi.org/10.1007/BF01009518

Heilmann-Lieb conjecture

e [Heilmann, Lieb, 1979]: proved orientational order using reflection posi-
tivity.

e HL Conjecture: absence of positional order.
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http://dx.doi.org/10.1007/BF01009518

History

e [Onsager, 1949]: mean field model for hard needles in R3.
e [Heilmann, Lieb, 1979]: interacting dimers.

e [Bricmont, Kuroda, Lebowitz, 1984]: hard needles in R? with a finite
number of orientations.

e [loffe, Velenik, Zahradnik, 2006]: hard rods in Z? (variable length).
e [Disertori, Giuliani, 2013]: hard rods in Z2.
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Heilmann-Lieb conjecture

[Heilmann, Lieb, 1979]: proved orientational order using reflection posi-
tivity.
HL Conjecture: absence of positional order.

[Alberici, 2016]: different fugacities for horizontal and vertical dimers.

[Papanikolaou, Charrier, Fradkin, 2014]: numerics.
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Heilmann-Lieb model

e Grand-canonical Gibbs measure:

W= i, s S A ] s
i, =

5eﬂ (A) 5£5'€8

» A: finite box.

» Qy(A): non-overlapping dimer configurations satisfying the boundary
condition.

» 2z > 0: fugacity.
» J > 0: interaction strength.

» 1.5 indicator that dimers are adjacent and aligned.
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Boundary condition

e Fix length ¢ := e%‘]\/},
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Theorem

For 1 < z < J, |[(z,y)|luL := J|x| + e_%‘]z_%\y|,
e Given two vertical edges ey, fv, (1¢,), is independent of e, and
(Le)y = 3(14+0(e72727%))
(Le,1p,), = (Le)y (L), = O distmnlevfo))
e Given two horizontal edges ey, fu, (L¢,), is independent of e, and
(Le,)y =0(e™?)
<]leh]lfh>v — (L), <1fh>v = O(eiwic diStHL(eh’fh))
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1D system

e Only vertical dimers: integrable.

e Given two vertical edges ey, fy, (L, ), is independent of e, and
(Le,), = (1 +0(e727272))

(Le,1p,), — (Le,)y (Lg), = Oe@ otinleviv))

. _3y 1
with [z, y)llp = e727272[y].
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Loop model

e Weight of a loop of length |I|: ezl
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Difficulty: loops interact

e Correlated dimers induce an intleraction between loops, which decays ex-
ponentially with a rate e 27272,

e Vertical-to-horizontal boundaries and horizontal-to-vertical ones have dif-
ferent geometries.
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Pirogov-Sinai
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Pirogov-Sinai

=, (A) = Ey(Out) Ey(In)
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Pirogov-Sinai

=, (A) = Ey(Out) E(In)
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Pirogov-Sinai

Ev(A) = Ev(Out) Ey(In)nyv(In),  7nv(In) =
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Pirogov-Sinai

e Boundary term:
nh,v(ln) < 6c|<9In\

e Energy gain:
e—%J|BIn|ec|81n| <1
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Entropy of contours

e Loops at a distance < 3723 = £y form a single object: a contour.
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Entropy of contours

e Weight of a contour:

» ¢~ 27/l for each loop 1.

—1
» e ‘o 1ol for each segment o.

3 1
e Each new loop in a contour contributes e 370y = 72722 <« 1



Parameter regime

18/18



