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Monomer-dimer system

e Monomer: occupies a single vertex.
e Dimer: occupies an edge and its end-vertices.
e Monomer-Dimer (MD) covering: every vertex is occupied

exactly once.
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Partition function

o Weights: edges d., vertices ¢, (for simplicity, assume they
are > 0).

e Partition function:

Eed) = Y H d I ¢

MD coverings v
occupled occupied
by dimer by monomer
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Kasteleyn’s theorem

e If there are no monomers (i.e. £, = 0 for all v), then =
counts pairs of neighboring vertices:
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2(0,4d)

16

n'2"

TESo, 1=1

14

10

11

13

3/15

12

ot



Kasteleyn’s theorem

e If there are no monomers (i.e. £, = 0 for all v), then =
counts pairs of neighboring vertices:

Z Hdw(2z 1),7(24))"

2(0,4d)

16

n'2"

TESo, 1=1

14

10

11

4/15

13

12

ot



Kasteleyn’s theorem

e Assume, in addition, that the graph is planar.

e [Kasteleyn, 1963]: Direct the graph in such a way that,
for every face, moving along the boundary of the face in
the counterclockwise direction, the number of arrows going
against the motion is odd.
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Kasteleyn’s theorem

e Recall

Z Hdw(% 1),7(24))"

TESay, i=1

2(0.d) =

o Kasteleyn’s theorem: if s; j := +1ifi — jand —1if j — 4,
then

n

- 1 .
£(0,d) = Z (—1) Hd(ﬂ(?i—l),ﬂ(?i))sﬂ(2i—l),ﬂ(2i) .

nl2n
TESan =1

e In other words, (—1)™ [T} Sx(2i—1),x(2¢) is independent of
T.
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Kasteleyn’s theorem

o (—1)7 H?:l Sr(2i—1),7(2i)"
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Kasteleyn’s theorem

e Recall

n

_ 1 .,
Z(0,d) = —Tom Z (=1) Hd(Tr(2i—1),7r(2i))57r(2i—1),7r(2i) :

TESan =1

e Introducing an antisymmetric matrix a with entries a; ; :=
d;,5)si,j for i < j,
Z(0,d) = |pf(a)|
with
1 n
pf(a) = nlon Z (_1)W Ha'n'(Qifl),ﬂ'(Zi)-
i=1

TESan

e Determinantal relation: pf(a)® = det(a).
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Boundary monomers

e Assume the monomers are on the boundary of the graph.

e If the monomers are fixed, the MD partition function re-
duces to a pure dimer partition function on a sub-graph.
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Boundary monomers

e By Kasteleyn’s theorem
Eed)= > Ipf(adm)l IT 4
M: monomers veM

where [a]r is obtained from a by removing the lines and
columns corresponding to vertices in M.

° [Lleb7 1968] if Ai,j = a;j + (_1)1'-&-][74[], for ¢ < 7 and
Aj,i = _Ai,j; then

A) =" pf(lals) ] o
M

veEM
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Boundary monomers

e Question: is the sign of pf([a]r) independent of M?

e In general, no:
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Boundary monomers

e The vertices must be labeled and the edges directed cor-
rectly.
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Main theorem

Every planar graph can be labeled and directed in such
a way that the boundary monomer-dimer partition func-
tion is

E(¢£,d) = pf(A)
with A; ; = d(i,j)si,j + (_1)1‘-&-‘7’&&_ for i < j.
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Sketch of the proof
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Sketch of the proof
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Boundary monomer correlations

e Monomer correlations at close packing:

1 9*E(L,d)
=(0,d) 04, --- 0l

Mn(i17 e 7Z'2TL) =

£=0
e Fermionic Wick rule:

nl2n
TESan

, , 1 T : .
M, (i1, -+ i2p) = Z (—1) HMl(lﬂ(2j—1)»Zw(2j))~
j=1
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